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The quantisation of gauge theories usually procedes through the introduction of ghost fields and
BRST symmetry. In the case of quantum gravity in the presence of boundaries, the BRST-invariant
boundary value problem for the gauge field operators is non-elliptic, and consequently the definition
of the effective action using heat-kernel techniques becomes problematic. This paper examines
general classes of BRST-invariant boundary conditions and presents new boundary conditions for
quantum gravity which fix the extrinsic curvature on the boundary and lead to a well-defined
effective action. This prompts a discussion of the wider issue of non-ellipticity in BRST-invariant
boundary value problems and when the use of gauge-fixing terms on the boundary can resolve the
issue.
∗ ian.moss@ncl.ac.uk
2I. INTRODUCTION
A long-standing problem in quantum gravity has been the fact that the BRST-invariant boundary value problem
is non-elliptic [1–6]. The BRST-invariant boundary value problem is the natural one in which the intrinsic metric on
the boundary is fixed and the DeWitt gauge-fixing condition [7] is imposed at the boundary. Non-ellipticity means
that these boundary conditions do not allow the construction of functional determinants by the usual techniques [8].
As a consequence, physical quantities, such as the scaling behaviour of coupling constants or coefficients of anomalies,
are potentially ill-defined.
This paper explores BRST-invariant boundary value problems for gravity and other types of gauge field theories. In
some cases non-ellipticity arises from incomplete gauge-fixing, and in these cases a simple remedy is to fix the residual
gauge freedom by adding extra boundary gauge-fixing terms [9] or by projecting out the residual gauge modes. The
boundary-value problem for quantum gravity which fixes the extrinsic curvature at the boundary is an example of
this type of behaviour.
Boundary value problems have important applications in quantum field theory. Possibly the earliest example was
the derivation of the Casimir force between two parallel conducting plates in terms of quantum vacuum polarization
[10]. In the 1980’s, boundary value problems arose in quantum gravity in connection with the calculation of the Hartle-
Hawking wave function of the universe [11], and later they appeared in the theory of strings and branes [9, 12, 13].
Recently, boundary value problems have featured in the theory of brane cosmology [14] and membranes [15].
Quantum effects are often described in terms of the one-loop effective action, (formally) given by a series of terms
of the form log detPm, where Pm are a set of second-order differential operators with an appropriate set of boundary
conditions. When the boundary value problem is strongly elliptic (as defined in Sect. IV) , then the functional
determinants can be defined by the heat kernels or the zeta-functions of the operators. In most cases these functional
determinants cannot be reduced to a simple analytic form, but useful quantities like the scaling behaviour of coupling
constants can often be determined by the geometrical invariants which appear in the asymptotic expansion on the
heat hernel in the small time limit [16–21]
Early work on boundary value problems in quantum gravity [22–25] indicated that the boundary conditions would
be combinations of Dirichlet and Neumann (or Robin) boundary conditions acting on different field components at
the same point, which in the literature on quantum field theory are often called ‘mixed type’. (This is different from
the ’mixed type’ which refers to situations where Dirichlet and Neumann apply to different regions of the boundary).
In the general situation we have a field φ which is a section of a vector bundle V over a compact manifold with
boundary. The vector bundle is decomposed at the boundary into V = VD ⊕ VN by projection matrices PD and PN .
Given a normal normal derivative ∇n and an endomorphism ψ, then mixed boundary conditions are
PDφ = 0, (∇n + ψ)PNφ = 0. (1)
If ψ is replaced by a differential operator acting on the boundary, then we call these boundary conditions ‘mixed type
with tangential derivatives’.
In BRST systems, there are ordinary fields φ and ghost fields c. Fields and ghosts are related by a BRST symmetry
s, defined by a differential operator D,
sφ = Dc. (2)
We shall adopt the point of view that BRST invariance is an essential feature of quantum gauge theory and that,
in particular, the boundary conditions should be invariant under (2) [26] [27]. We also restrict attention to mixed
boundary conditions, with or without tangential derivatives. BSRT invariant boundary conditions of mixed type
without tangential derivatives have been found for Maxwell gauge theory and antisymmetric-tensor theory [28, 29].
The BRST-invariant boundary conditions commonly used for quantum gravity are of mixed type with tangential
derivatives [22, 25, 26, 30]. These boundary conditions lead to a non-elliptic boundary value problem when applied to
the graviton operator [1–6]. The first step towards extracting physical predictions would normally be to construct the
heat kernel of the graviton operator, but this procedure is problematic when faced with a non-elliptic system. This
paper introduces a new set of BRST-invariant boundary conditions which fix the extrinsic curvature. These boundary
conditions are strongly elliptic if we allow two tangential derivatives. The heat kernels, functional determinants and
effective action for these boundary conditions are all well-defined. (However, Barvinsky et al. [31] have pointed out
that the small-time asymptotic expansion of the heat kernel is non-standard when there are two or more tangential
derivatives, so that the physical interpretation of the heat kernel coefficients is currently unresolved.)
We shall see in the following sections that non-elliptic boundary value problems are typical of BRST-invariant
boundary conditions. The main result of this paper is that, in many cases, the non-ellipticity can be explained as a
residual gauge invariance in the system and it can be restored by allowing extra tangential derivatives in the boundary
3conditions. This has an interpretation in terms of adding extra gauge-fixing functions on the boundary. In certain
limits, the heat kernel can be defined by the simpler procedure of projecting out the residual gauge modes.
Calculations on spheres have suggested that the generalised zeta function of the operators relevant to quantum grav-
ity could be constructed despite the non-ellipticity of the boundary value problem and divergences in the heat kernel
[6, 30, 32]. It has also been suggested that the problems of non-ellipticity could be overcome by using non-Laplacian
operators [3], but it has not been shown that this can be done in a way consistent with BRST symmetry. There
are various techniques for dealing with specific non-elliptic boundary value problems in other areas of mathematical
physics [33]. One strategy involves imposing additional boundary conditions and relating the problem of interest
to an elliptic boundary value problem. The approach adopted here has some similarities, although we work all the
time under the restrictions of BRST symmetry and have to take this into account when adding additional boundary
conditions or gauge-fixing terms..
The plan of this paper is as follows. Section 2 gives a general account of BRST-invariant boundary conditions
for a one-dimensional system. Section 3 extends this to field theory, with explicit results for Maxwell theory and
linearised gravity. Section 4 gets to grip with the issue of non-ellipticity, its relation to residual gauge freedoms and
its resolution. General remarks are made in section 5.
The conventions used in this paper are as follows. Spacetime is replaced by a manifold with boundary, on which
there is a Riemannian metric and a Levi-Civita connection ∇µ or ;µ. On the boundary, the unit normal vector nµ is
ingoing and the induced connection |i. Ordinary derivatives along the coordinate directions are denoted by ∂µ or ∂i.
II. BRST-INVARIANT BOUNDARY CONDITIONS
We begin with a general account of the BRST-invariant boundary conditions which will be used in subsequent
sections. We shall follow the approach of Ref. [26], including details which were omitted in the earlier treatment.
The relevant features of BRST invariance can be described in a simple one-dimensional system with an abelian gauge
symmetry. The boundary consists of just two points, representing the initial time and the final time. The time
coordinate will eventually become the normal coordinate to the boundary when we deal with a field theory which has
additional spatial dimensions.
Consider the one dimensional system with coordinates q = (qi, qa) and Lagrangian
Lq(qi, q˙i, qa). (3)
A Lagrangian of this form has a set of primary constraints piaq = 0, where pi
a
q are the momenta conjugate to qa. The
equations of motion p˙iaq = 0 lead to a set of secondary constraints E
a
q = 0, where
Eaq = −
∂Lq
∂qa
. (4)
The gauge symmetry can be converted into a BRST symmetry s, with anti-commuting ghosts ca. We take the BRST
symmetry to be linear, with transformations
sqi = αi
aca, sqa = c˙a + βa
bcb, (5)
for some functions αi
a and βa
b depending only on t. Gauge invariance of the action implies that the Lagrangian
transforms by a total derivative, which we can write as a term linear in ca with coefficient η
a(qi, qa),
sLq = (η
aca)˙ . (6)
If we just examine the c˙a part of the BRST transformed Lagrangian sLq we find
Eaq = αi
apiiq − ηa, (7)
where piiq are the momenta conjugate to qi. The BRST transformation of pi
i
q can be found by differentiating sLq with
respect to q˙i,
spiiq =
∂ηa
∂qi
ca. (8)
The gauge symmetry is fixed by introducing auxiliary fields ba and gauge-fixing functions fa(q, q˙), which we take
to be of the form
fa = q˙a + νa
iq˙i + χa(q), (9)
4where νa
i are functions of t. The gauge-fixing and ghost Lagrangians are then
Lgf = b
a fa − 1
2
ξ−1Gabbabb, (10)
Lgh = −c¯a sfa + (c¯a sqa)˙ , (11)
where ξ is a constant and Gab is a symmetric invertible matrix. The total derivative term is added to ensure that the
Lagrangian L = Lq + Lgf + Lgh is first order in time-derivatives. BRST symmetry is imposed by requiring that
sc¯a = ba, sca = sb
a = 0. (12)
Note that, due to the addition of the total derivative terms, the total Lagrangian L transforms under BRST by a
total derivative, sL = dj/dt, where
j = ηaca + sc¯
a sqa. (13)
We are now ready to consider the BRST transformations of the full set of fields and their conjugate momenta. The
momenta obtained from the Lagrangian L are
pii = piiq + νa
iba, (14)
pia = ba, (15)
p¯a = c˙a + βa
bcb, (16)
pa = − ˙¯c+ c¯b
(
∂χb
∂qa
+ νb
iαi
a
)
, (17)
where the ghost momenta for ca and c¯
a are denoted by pa and p¯a respectively. The field transformations we have
seen already,
sqi = αi
aca, (18)
sqa = p¯a, (19)
sc¯a = ba, (20)
sca = sb
a = 0. (21)
The momenta piiq transform by Eq (8). The transformations of the remaining momenta can be obtained directly from
the definitions (14-17),
spii =
∂ηa
∂qi
ca, (22)
spa = Ea +
δS
δqa
, (23)
spia = sp¯a = 0, (24)
where the constraint Eaq of Eq. (7) has been modified to include a νa
i term,
Ea = αi
apii − ηa. (25)
The transformations of the gauge-fixing function and the constraint are also useful,
sfa = − δS
δc¯a
, (26)
sEa = −∂η
a
∂qb
p¯b. (27)
The first of these expresssions is obtained by examination of the ghost Lagrangian (11) and the second follows from
Eqs. (25), (22) and (19).
We look for boundary conditions in configuration space which are BRST-invariant. The simplest possibility is a
vanishing-ghost condition with qi fixed,
ca = c¯
a = ba = 0, qi fixed. (28)
5These boundary conditions are standard in the BRST formalism, see for example [34]. If we eliminate ba using the field
equation ba = ξGabfb and use Eq. (9) for the gauge-fixing functions, then we arrive at a set of boundary conditions
which we denote by BM ,
BM : ca = c¯a = q˙a + νaiq˙i + χa(q) = 0, qi fixed. (29)
The BRST invariance of the boundary conditions in this form is restricted due to the elimination of ba. If we define
the ghost operator Pc by a functional derivative of the action S,
(Pc)a
b =
δ2S
δc¯a δcb
, (30)
then Eq. (26) shows that the BRST variation of the gauge-fixing functional is
sfa = −(Pc)abcb. (31)
Note that the boundary value problem for the eigenvalues of Pc is still fully BRST-invariant, since Pcc = λc = 0 on
the boundary. We shall describe a set of boundary conditions as BRST-invariant if they are BRST-invariant for the
eigenvalue problem. These boundary conditions can be used to evaluate the functional determinants which appear in
one loop quantum calculations.
The generalisation of the boundary conditions (29) to electromagnetic field theory fixes the magnetic field on a
spacelike boundary. There are other possibilities, however, one being a vanishing-ghost condition with the momenta
pii held fixed, which we denote by BE ,
BE : ca = c¯a = q˙a + νaiq˙i + χa(q) = 0, pii fixed. (32)
These correspond in electromagnetism to fixing the the electric field on a spacelike boundary. When we generalise
to more than one dimension, these boundary conditions resemble the mixed type of boundary condition (1) but in
general the χa(q) terms introduce derivatives tangential to the boundary.
Another important set of boundary conditions can be obtained by having the ghost momenta vanish on the boundary.
In is then possible to require that the constraint function Ea vanishes on the boundary since its BRST variation
vanishes by Eq (27). In a field theory context, the constraint function usually has tangential derivatives. If we would
like to remove as many tangential derivatives from the boundary conditions as possible, than it is useful to consider
special cases where
ηa = αi
ahi, (33)
for some function f i(q). This includes a fortiori the situation where the Lagrangian is BRST-invariant and ηi = 0. In
these cases Eq. (25) reveals that Ea = αi
a(pii − hi). Fixing Ea is then equivalent to the simpler condition of fixing
pii − hi. Since αia contain the tangential derivatives in the field theory case, this is an integration of the boundary
conditions, and Eq. (33) can be regarded as an integrability condition. The corresponding set of BRST-invariant
boundary conditions is denoted by B′E ,
B′E : pa = p¯a = qa = 0, pii − hi fixed, (34)
The BRST invariance is restricted because the field equation appears in the variation of pa (see Eq. (23)), but as
before we have BRST symmetry in the eigenvalue problem. We will show later that for electromagnetism these
boundary conditions are of mixed type with no tangential derivatives.
Many other sets of BRST-invariant boundary conditions can be constructed. The most general set of linear boundary
conditions can be found by starting from the basic set (29) and applying canonical transformations which preserve
the form of the BRST operator [26],
Ω = p¯api
a + caE
a. (35)
This leads to a family of boundary conditions which depends on matrices Ba
b, Da
i and Fai,
Bb
aEa +Db
af b = 0, (36)
Bb
apb +Db
ac¯b = 0, (37)
Ba
bp¯b −Dabcb = 0, (38)
Ba
bqb +Da
iqi + Faipi
i fixed, (39)
6where Da
b = Da
iαi
a − Fai∂ηb/∂qi. It is simple to check directly that these form a BRST-invariant set, but when
generalised to field theory they usually have one or more tangential derivatives.
Up to now we have assumed that the Lagrangian Lq is presented in a form which has primary constraints pi
a
q = 0,
but this is often not the case. Suppose, instead, that a Lagrangian L′q has primary constraints pi
a′
q = h
a(q). In this
situation, we can introduce a canonical transformation generated by,
L′ = L+ ˙, (40)
where  ≡ (qi, qa.c¯a, ca). The momenta for L′ and L are related by
pii
′
= pii +
∂
∂qi
, (41)
pia′ = pia +
∂
∂qa
, (42)
pa′ = pa +
∂
∂ca
, (43)
p¯′a = p¯a +
∂
∂c¯a
. (44)
Note that substituting these into the formula (35) leaves the BRST operator unchanged. However, the boundary
condition pii
′
= 0 is not BRST-invariant. What we will do in this case is determine the function  which transforms
the constraint into piaq = 0,
∂
∂qa
=
∂L′q
∂q˙a
. (45)
The boundary condition (32) becomes
BE : ca = c¯a = q˙a + νaiq˙i + χa(q) = 0,
pii
′ − ∂/∂qi fixed. (46)
A similar canonical transformation can be used to add additional gauge-fixing functions Fa(qi) on the boundary. This
will prove useful later in the context of field theories. The new Lagrangian is defined as in Eq (40) with extra terms
 =
1
2
αGabFaF
b, (47)
Note that the field equations only depend on the value of Fa at the boundary because the Lagrangian is a function
of ˙. The new momentum is obtained from Eq. (41),
pii = pii′ − αGab ∂F
a
∂qi
F b. (48)
The new set of BRST-invariant boundary conditions will be denoted by BE(α). From Eq. (32), these are
BE(α) : ca = c¯a = q˙a + νaiq˙i + χa(q) = 0,
pii
′ − αGabF a ∂F b/∂qi fixed. (49)
The BRST symmetry can be shown directly using the transformations (18-24).
III. FIELD THEORIES
In this section we shall consider the application of BRST boundary conditions to linearised gauge field theories.
The gauge-invariant action for a set of fields ϕ is of the form
Sϕ =
∫
M
dµLϕ +
∫
∂M
dµLb, (50)
where M is a Riemannian manifold with metric gµν , volume measure dµ, Levy-Civita connection ∇µ and boundary
∂M. The quadratic action for the linearized fields arises from expanding of the fields about a background field
7configuration. This background can be chosen to satisfy an inhomogeneous boundary value problem for the classical
field equations. We shall therefore focus on the homogenous boundary value problems for the field fluctuations. The
quadratic action defines a set of second order operators which depend on the background fields. The one-loop effective
action is related to the functional determinants of these operators [35, 36].
We can set up a normal coordinate system close to the boundary with the coordinate t along the unit normal
direction and t = 0 on the boundary. The eigenvalue problem for the fluctuation operators will be required to be
BRST-invariant with boundary conditions of the mixed type described in the introduction.
A. Maxwell theory
The simplest example is provided by vacuum electrodynamics in curved space with Maxwell field Aµ and field
strength Fµν = Aν,µ −Aµ,ν . The Lagrangian density is the usual Maxwell form
Lq = 1
4
FµνF
µν , (51)
with BRST symmetry
sAµ = c;µ, (52)
and Lorentz gauge-fixing function
f = gµνAµ;ν . (53)
The total Lagrangian density is therefore
L = 1
4
FµνF
µν + bf − 1
2
ξ−1b2 + c¯;µc;µ. (54)
Under the BRST symmetry, sLq = 0 with no boundary terms.
In order to set up the phase space near the boundary ∂M we need to decompose the Maxwell field into tangential
and normal components (Ai, A) (see appendix). Decomposition of the Lagrangian density gives momenta
pii = hij
(
A˙j −A|j +KjkAk
)
, pi = b. (55)
A similar reduction of the the gauge-fixing function gives
f = A˙+KA+Ai
|i. (56)
The BRST generator is
Ω = p¯ pi + c pii|i (57)
The BRST boundary conditions are given in table I. The sets BM and B′E consist of mixed Dirichlet and Robin
boundary conditions with no tangential derivatives, whilst the set BE is first order in normal derivatives and contains
tangential derivatives. These BRST boundary conditions can be generalised to antisymmetric tensor fields [28, 29],
where the boundary conditions BM and B′E are equivalent to the relative and absolute boundary conditions used in
the index theory of the de Rahm complex [16].
B. Linearized gravity
Linearized gravity forms the starting point for order ~ quantum gravity calculations based on Einstein gravity, as
well as having wider applications to supergravity, low energy superstring theory and covariantly quantised strings
and membranes. The Lagrangian density is obtained by decomposing the metric in the Einstein-Hilbert action into
a background gµν and a field γµν ,
gµν + 2κγµν , (58)
8TABLE I. Homogeneous BRST boundary conditions for Maxwell theory in curved space with gauge-fixing function f = Aµ
;µ.
The field Ai is in the tangential direction, A in the normal direction and the ghost is c.
Type fixes Dirichlet non-Dirichlet
BM Fij , f Ai = c = 0 A˙+KA = 0
BE Fin, f c = 0 A˙+KA+Ai|i = 0
A˙i −A|i +KijAj = 0
B′E Fin, A A=0 A˙i +KijAj = 0
c˙ = 0
where κ2 = 8piG and G is Newton’s constant in m dimensions. We also use a dual field
γµν = g(µν)(ρσ)γρσ, (59)
defined by the DeWitt metric
g(µν)(ρσ) =
1
2
(gµρgνσ + gµσgνρ − gµνgρσ) . (60)
Keeping only the quadratic terms and integrating by parts gives the Lagrangian [7, 8]
L′q = 1
2
γµν;ργµν;ρ − gµνγµρ;ργνσ ;σ +
1
2
Qµν
ρσγµνγρσ, (61)
where,
Qµν
ρσ = −2R(µ(ρν)σ) − 2δ(µ(ρGν)σ) + 2
m− 2gµνG
ρσ +Rµνg
ρσ. (62)
and Rµνρσ is the Riemann tensor, Rµν is the Ricci tensor and Gµν is the Einstein tensor. The prime is used in the
same way as in the previous section to denote the fact that the primary constraint is not ‘pia = 0’, and we will have
to perform a canonical transformation to simplify the constraint before we can apply the boundary conditions BE .
The BRST symmetry transforms the metric fluctuations into a ghost field cµ,
sγµν = cµ;ν + cν;µ. (63)
The Lagrangian density transforms into a total derivative term and, in the notation of the previous section, the
function η is non-vanishing. The commonly used gauge-fixing function is the DeWitt one,
fµ = γµρ
;ρ. (64)
The extra terms in the Lagrangian density from the gauge fixing are
Lgf+gh = bµfµ − 1
4
ξ−1bµbµ + c¯µ;νcµ;ν −Rµν c¯µcν . (65)
The Lagrangian has been put into in first-order form in order to apply the results of the previous section. The graviton
and ghost operators are obtained from the Lagrangian densities by integration by parts after eliminating the auxilliary
field bµ. The graviton operator is
P = −δµνρσ∇2 + 2(1− ξ)δµναδg(βγ)(ρσ)gγδ∇α∇β +Qµνρσ, (66)
where δµν
ρσ is the identity operator on symmetric tensors. The gauge parameter ξ has been scaled to make the
graviton operator of Laplace type, i.e. with leading terms proportional to ∇2, when ξ = 1
9Near the boundary ∂M we need to decompose the metric fluctuation into tangential and normal components
(γij , γi, γ) (see appendix). We can identify γij with the physical variables qi of the previous section, γi and γ with
the constrained variables qa. The momenta conjugate to γi and γ are
piiq
′
= −2γij |j − 2(Kij −Khij)γj + γkk|i + γ|i, (67)
piq
′ = −γi|i −Kγ +Kijγij , (68)
where indices are raised using the inverse boundary metric hij . These equations for the momenta become the primary
constraints. The canonical transformation which trivialises these constraints corresponds to adding a term ˙ to the
Lagrangian density as in Eq (40). Solving Eq. (45) for  gives
 = 2γi
(
2γik
|k − γkk|i − γ|i + 2Kikγk + 2Kγi
)
+
1
2
Kγ2 −Kijγijγ. (69)
According to Eq. (41), the momentum piij = ∂L′/∂γ˙ij − ∂/∂γij which appears in the boundary condition BE (see
eq. (46)) is then
piij = γ˙ij − hij γ˙kk − 2γ(i|j) − (Kij −Khij)γ + 2hijγk|k. (70)
(Note that the convention here is to raise indices after taking the normal derivatives).
Unsurprisingly, the momentum piij has a physical interpretation in terms of the canonical decomposition of Einstein
gravity. The Hamiltonian formalism gives the canonical momentum
pij =
1
2κ2
(
Kij − hijK) . (71)
Let δpij be the perturbation in the canonical momentum corresponding to the metric perturbation 2κγµν , then to
first order one finds that
δpij =
1
2κ
piij , (72)
where piij is given by (70). Boundary conditions on piij correspond to fixing the canonical momentum on the boundary.
This is analagous in the Maxwell case to fixing the electric field on the boundary.
There are two basic sets of BRST-invariant boundary conditions, BM corresponding to fixing the intrinsic on the
boundary [22], and the new boundary conditions BE which fix the extrinsic curvature. Boundary conditions of type
B′E only exist when the integrability condition Eq. (33) is satisfied, We shall see later that this restricts the extrinsic
curvature to the special form Kij = κhij , for some κ. Only the boundary conditons for linearised gravity which apply
for a general background are listed in table II.
TABLE II. Homogeneous BRST boundary conditions for linearized gravity. The metric variation γµν and ghost cµ have been
decomposed into tangential and normal components.
Type fixes Dirichlet non-Dirichlet
BM hij , fµ γij = c = ci = 0 γ˙i − 12γ|i +Kijγj +Kγi = 0
γ˙ − γ˙ii + 2γi|i + 2Kγ = 0
BE Kij , fµ c = ci = 0 γ˙i − 12γ|i + γij |j − 12γjj|i +Kijγj +Kγi = 0
γ˙ + 2Kγ − 2Kijγij = 0
γ˙ij − 2γ(i|j) −Kijγ = 0
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IV. RESTORING STRONG ELLIPTICITY TO THE BOUNDARY VALUE PROBLEM
We now turn to the heat kernel of the BRST boundary value problem and the important issue of strong ellipticity.
Avrimidi et al. [1] have shown that the gravitational boundary value problem with fixed boundary metric and DeWitt
gauge condition is not elliptic, and therefore the heat kernel and the propagator are ill-defined. We would like to
examine whether this is also the case for the new BRST invariant gravitational boundary conditions.
Consider the eigenvalue problem
Pf = λf on M, (73)
Bf = 0 on ∂M, (74)
where P is a second order operator and B is first-order in normal derivatives. Ellipticity can be defined in terms of
the leading symbols of the operators. The symbol of the operator P , denoted by σ(P, x, ζ), is constructed by replacing
derivatives ∂/∂xµ by iζµ. The leading symbol σL(P, x, ζ) is obtained by keeping only the leading terms in ζ. The
operator is elliptic if detσL(P, x, ζ) 6= 0 for ζ 6= 0.
For the boundary value problem, we replace the tangential components of ζ by ki and the normal component by
−i∂t and consider the leading order system, [37]
σL(P, x, ki,−i∂t)fL = λfL, t > 0, (75)
σL(B, x, ki,−i∂t)fL = 0, t = 0. (76)
The boundary value problem is said to be strongly elliptic in C − R+ if the operator P is elliptic and there are no
bounded exponential solutions fL with λ ∈ C −R+. The boundary value problem is elliptic if there are no bounded
exponential solutions with λ = 0. Strong ellipticity implies the existence of a complete set of eigenfunctions to the
original boundary value problem. Their eigenvalues are real and can be placed in an unbounded sequence λ1 ≤ λ2 . . . .
The heat kernel K(x, x′, τ, P,B) for x, x′ ∈M and τ > 0 is defined in terms of the normalised eigenfunctions fn by
K(x, x′, τ, P,B) =
∞∑
n=1
fn(x)fn(x
′)†e−λnτ . (77)
The sum converges if the boundary value problem is strongly elliptic, but it might not exist if the operator is not
strongly elliptic. In the strongly-elliptic case, the integrated heat kernel can be written in the form,
TrB
(
e−Pτ
)
=
∫
M
K(x, x, τ, P,B) dµ, (78)
where dµ is the volume measure on the manifold. We also define the generalised zeta function by
ζ(s) =
∞∑
n=1
′
λ−sn , (79)
where the prime denotes the omission of any vanishing eigenvalues.
For the BRST boundary conditions we have considered so far, and with gauge parameter ξ = 1, the equations for
ellipticity become (−∂2t + k2) fL = λfL, t > 0, (80)
(PD + PN∂t + Γ(ki)) fL = 0, t = 0, (81)
where PD and PN are the projection matrices defined in the introduction, and Γ(ki) is an hermitian matrix acting on
VN . A bounded exponential solution would be a function of the form,
fL = χe
−µt, (82)
where Reµ > 0 and λ = k2−µ2. Choose χ to be an eigenvector of Γ, then Eq. (81) implies that µ is an eigenvalue of Γ.
In particular, µ is real because Γ is hermitian. If µ > k, then λ < 0 and strong-ellipticity is violated because there is a
bounded exponential solution with λ ∈ C −R+. Therefore strong ellipticity implies the spectrum spec(Γ) ⊂ (−∞, k).
Gilkey and Smith have shown that the converse is also true, and the boundary value problem is strongly elliptic if,
and only if, the spectrum spec(Γ) ⊂ (−∞, k) [38]. (It can be shown that the same condition applies for any gauge
parameter ξ > 0.)
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The matrices Γ(ki) can be obtained from the boundary conditions in tables I and II. We keep only the derivative
terms and replace the tangential derivatives with iki. It is convenient to use the spacetime components, for example
the Maxwell BE boundary condition becomes
σL(B, x, ki,−i∂t)A = A˙µ + inµkνAν − ikµnνAν (83)
where Aµ = Aie
i
µ + Anµ and kµ = kie
i
µ. (The tangent basis ei
µ is defined in the appendix). We can see from
table III that in the cases with tangential derivatives, Γ(k) always has an eigenvector with eigenvalue k. Therefore,
of the five sets of BRST boundary conditions considered so far, only those without tangential derivatives are strongly
elliptic.
TABLE III. The spectrum of the tangential term Γ(k) in the boundary operator for different BRST boundary conditions. The
eigenvector in the table is the eigenvector with eigenvalue k which makes the operator non-elliptic.
Field Type PN Γ(k) spectrum k-eigenvector
Maxwell BE δµν i(nµkν − kµnν) 0,±k knµ − ikµ
Gravity BM 2n(µn(ρδν)σ) − nµnνnρnσ i(nµkνnρnσ − 2nµnνkρnσ) 0,±k knµnν + ikµnν
Gravity BE δµνρσ i(2kµhνρnσ − 2nµhνρkσ − nµkνδρσ) 0,±k knµkν − ikµkν
The explanation for this lack of strong ellipticity can be seen when we look at bounded exponential solutions to the
leading order equations (76) when λ = 0,
fL = uL(k)e
−kt, (84)
where uL is the eigenvector with eigenvalue k given in the table. In each case, at leading order, these are gauge
transformations of the form f = Dv, i.e.
fL = σL(D,x, k,−i∂t)vL(k)e−kt, (85)
for some vL. We should therefore examine whether these correspond to an infinite set of zero modes Pf = 0. If so,
there is a residual gauge invariance which has not been fixed by the gauge-fixing condition. In the next section, we
shall see how adding a boundary term can fix the remaining gauge invariance and restore strong ellipticity. The idea
of using boundary gauge-fixing terms is due to Barvinsky [9].
The extra gauge-fixing terms come with their own gauge parameter. In certain limits of the gauge parameter, the
gauge choice is frozen and the effect on the heat kernel is equivalent to leaving out the the gauge zero-modes. The
heat kernel defined with only the non-zero modes will be denoted in the usual way by a prime,
K ′(x, x′, τ, P,B) =
∞∑
n=1
′
fn(x)fn(x
′)†e−λnτ . (86)
This can be used to define the trace Tr′ and the generalised zeta function by
ζ(s) =
1
Γ(s)
∫ ∞
0
dτ τs−1Tr′B
(
e−Pτ
)
. (87)
The bounded exponential solutions might not correspond to gauge zero modes in every case, and then the additional
gauge-fixing will not help with the ellipticity problems.
A. Maxwell theory
The boundary conditions BE for Maxwell theory are the ones which lead to a non-elliptic boundary value problem.
We can try adding the boundary gauge-fixing function F (Ai) given by
F (Ai) = Ai
|i. (88)
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The boundary conditions in table II are modified into the new set BE(α) given by Eq. (49),
A˙i −A|i + αAj |ji +KijAi = 0, (89)
A˙+Ai
|i +KA = 0. (90)
Ellipticity depends on the matrix Γ, which can be read off (89) by replacing the tangential derivatives with iki and
comparing with Eq. (81). The eigenvectors of Γ with non-zero eigenvalue are given by two free parameters x and y
and have the form Ai = xkˆi and A = y, so that the eigenvalue problem for Γ reduces to(
−αk2 ik
−ik 0
)(
x
y
)
= λ
(
x
y
)
(91)
The condition for strong ellipticity is that the largest eigenvalue is less than k, and this is the case for α > 0. (This is
also the correct sign choice for convergence of the functional integral in the quantum system). We could therefore use
the boundary conditions (89) and (90) to provide a well-defined heat kernel which can be used in one-loop quantum
calculations. However, we shall see how it is possible to relate the boundary conditions BE(α) to a simpler set B′E .
The α → ∞ limit projects out (at least formally) the transverse modes with F (Ai) = 0. This can be examined
further by decomposing the modes using the exterior derivative d and its conjugate d†. The Maxwell field operator is
P = d†d+ ξd d†, (92)
Consider the pure gauge field
A = dχ, Pcχ = 0, (93)
where Pc = d
†d. Both dA and d†A vanish, and so this field satisfies the boundary conditions BE . The Maxwell field
(93) is also a zero mode of P . There are no restrictions on χ at the boundary and an infinite set of gauge zero modes
like this can be constructed. Imposing the gauge condition F (Ai) = 0 removes these modes.
In the previous section we defined the heat kernel K ′(x, x′, t, P,BE) by taking a sum over the non-zero modes of
P . Hodge decomposition gives two types of non-zero modes which satisfy the boundary conditions BE ,
1. Exact: fn = λ
−1/2
n dχn, where Pc χn = λnχn and χn = 0 on ∂M.
2. Co-closed: d†fn = 0, where Fin = 0 on ∂M.
In the co-closed case, part of the boundary condition is redundant because it is enforced by the Hodge decomposition.
It is possible to relate this boundary value problem to the boundary value problem B′E (see table I). Again, we use a
Hodge decomposition of the modes, but with boundary conditions B′E
1. Exact: fn = λ
−1/2
n dχn, where Pc χn = λnχn and χ˙n = 0 on ∂M.
2. Co-closed: d†fn = 0, where Fin = 0 on ∂M.
The co-closed modes for the two sets of boundary conditions are identical, whereas the exact modes come from
Dirichlet scalars in the first case and Neumann scalars in the second. If we split the mode sums into exact and
co-exact mode sums, then K ′(x, x′, t, P,BE) is determined by the heat kernels of the strongly elliptic boundary value
problems B′E , the scalar Dirichlet problem BD and the scalar Neumann problem BN . For example, the integrated
kernel,
Tr′BE
(
e−Pτ
)
= TrB′E
(
e−Pτ
)− TrBN (e−Pcτ)+ TrBD (e−Pcτ) . (94)
There is a nice physical interpretation of this result which arises when we combine the fields and the ghosts together
into a supertrace. Let ∆ = (P, Pc), then define
STrB
(
e−∆τ
)
= TrB
(
e−Pcτ
)− TrB (e−Pcτ) (95)
The supertrace determines the effective action of the quantum theory of gauge fields in the-one loop approximation.
The ghost boundary conditions in BE are Dirichlet and the ghost boundary conditions in B′E are Neumann. Using
Eq. (94), we have
STr′BE
(
e−∆τ
)
= STrB′E
(
e−∆τ
)
. (96)
Therefore the one-loop effective action for the quantum field theory derived from the non-elliptic BRST boundary
conditions BE by omitting the zero modes is the same as the one-loop effective action derived from the strongly-elliptic
BRST boundary conditions B′E .
13
B. Linearized gravity
We shall repeat the preceding analysis for linearized gravity with the new BRST boundary conditions BE which fix
the extrinsic curvature at the boundary. The boundary condition piij = 0 can be replaced by
piij − 2α
(
F (i|j) − hijF k|k
)
= 0, (97)
where
Fi = γij
|j − 1
2
γjj|i. (98)
In terms of the metric components, using Eqs. (70), (A14) and (A15),
γ˙ij − 2γ(i|j) −Kijγ − 2αF (i|j) = 0, (99)
γ˙i − 1
2
γ|i + γij |j − 1
2
γjj|i +Kijγj +Kγi = 0, (100)
γ˙ +Kγ − 2Kijγij = 0. (101)
We replace the tangential derivatives with iki and collect them together into the matrix Γ as in Eq. (81). The
non-zero eigenvalues of Γ arise from eigenvectors of the form γij = xkˆikˆj and γi = ykˆi. We have Fi = kix/2 and the
eigenvalue problem becomes (
−αk2 ik
−ik 0
)(
x
y
)
= λ
(
x
y
)
(102)
This is identical to the eigenvalue problem for the Maxwell theory, and again we have spec(Γ) ⊂ (−∞, k) and we
conclude that Eqs. (99-101) provide a well-posed boundary value problem for the graviton operator when α > 0.
To analyse the residual symmetry when α = 0 it is convenient to use the operators D and D† defined by
Dcµν = cµ;ν + cν;µ, (103)
D†γµ = γ¯µν ;ν . (104)
A pure gauge field γµν = Dcµν will satisfy the boundary conditions BE if spiij = 0 and D†γ = 0. The BRST variation
of piij using Eqs. (A16-A18) is
spiij = −c|ij + hijc|kk −K(ikcj)|k +Kk(ick|j). (105)
A sufficient condition for spiij = 0 is that c = 0 and c[i|j] = 0 on the boundary, leaving us free to pick one arbitrary
function a on the boundary, where ci = a|i. The gauge mode will be a zero mode of gauge-fixed gravity operator P
if it satisfies the gauge condition D†γ = 0, i.e.
D†Dc = 0 (106)
This is an inhomogeneous Dirichlet problem and we have a solution for each choice of the arbitrary function a on the
boundary. These modes are responsible for the non-ellipticity. They are eliminated by restricting the modes using
the boundary gauge condition Fa = 0, or equivalently by using the boundary value system Eqs. (99-101).
In the Maxwell case it was possible to relate the boundary conditions BE to a strongly elliptic BRST-invariant
boundary value problem B′E with no tangential derivatives. We can do this also for linearised gravity for a restricted
class of backgrounds where the strongly elliptic BRST-invariant boundary value problem of this type exists. Consider,
for example, the case where the extrinsic curvature is proportional to the surface metric,
Kij = κhij (107)
The BRST-invariant boundary value problem for these backgrounds was found in Ref. [26],
B′E : γ˙ij −Kijγ = 0, γ˙ +Kγ −Kγii = 0, γi = 0, c˙i −Kijcj = 0, c = 0. (108)
As in the Maxwell case, the two sets of boundary conditions can be related by dividing the modes into the image of
D and the kernel of D†, with the result that
STr′BE
(
e−∆τ
)
= STrB′E
(
e−∆τ
)
. (109)
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In general, however, it seems that we have to resort to the more complicated system Eqs. (99-101).
We turn finally to the boundary conditions BM which fix the field γij on the boundary. A pure gauge mode would
have to satisfy sγij = 0,
c(i|j) +Kijc = 0. (110)
In the special case Kij = 0, we have solutions ci = 0 for any function c on the boundary. As before, these correspond
to the bounded exponential solutions to the leading order system of equations. However, for the more general case
Kij = κhij , there are at most a finite number of solutions corresponding to conformal killing vectors of ∂M and the
origin of the non-ellipticity in this case does not lie in the gauge modes. This case has been investigated for spherical
backgrounds [6, 30, 32], where it appears that the heat kernel diverges for points on the boundary, but nevertheless
the generalised zeta function ζ(s) exists and can be analytically continued to s = 0.
V. CONCLUSION
We have seen that non-ellipticity is a common feature in BRST-invariant boundary value problems and it can be
associated in some cases with a residual gauge invariance. In these cases a well-defined set of boundary conditions
can be obtained by adding extra tangential derivatives and this has an interpretation in terms of extra gauge-fixing
terms on the boundary. The reduced heat kernel, constructed by leaving out the gauge zero modes, is also consistent
with BRST invariance and can be used to calculate one-loop phenomena in quantum gauge theories with boundaries.
We found examples where this procedure gives results which are equivalent to mixed BRST boundary value systems
with no tangential derivatives.
A new set of BRST-invariant boundary conditions for quantum gravity which fix the extrinsic curvature at the
boundary has been found. These boundary conditions give rise to a well-defined heat kernel and can be used to
construct the effective action. Boundary conditions on the extrinsic curbature are consistent with local supersymmetry
and arise in supergravity theories [39, 40].
Although the addition of tangential derivatives formally restores strong-ellipticity, it does necessarily allow for a
non-problematic asymtotic expansion of the heat kernel [31]. This can affect quantum field theory divengences and
renormalisation of couplings. The heat-kernel asymptotics for the boundary conditions discussed here is worth further
investigation.
We have not been able to explain the origin of the non-ellipticity for quantum gravity problems which fix the
intrinsic metric of the boundary. These problems are important for applications of quantum gravity to quantum
cosmology and the Hartle-Hawking state of the universe. It is a puzzling fact that the generalised zeta function exists
for this problem when the background is a sphere with boundary [6, 30, 32]. An understanding of the origin and the
role of non-ellipticity in this case remains elusive.
Appendix A: Tangential decompositions
Consider a manifold M with boundary ∂M, tangential vectors eiµ and inward unit normal nµ. Indices i and n
will denote projection in the tangential and normal directions respectively. The covariant derivative ‘;’ onM induces
a covariant derivative ‘|’ on the boundary ∂M and the extrinsic curvature Kij = ni;j . The normal derivative will be
denoted by a dot, and we choose an extension of the normal vector so that n˙µ = 0 at the boundary.
1. Covectors
For a covector Aµ, let Ai = ei
µAµ and A = n
µAµ. The components of the covariant derivatives are
Ai;j = Ai|j +KijA, (A1)
An;j = A|i −KijAj , (A2)
Ai;n = A˙i, (A3)
An;n = A˙. (A4)
The gauge fixing function f = Aµ
;µ is therefore
f = A˙+Ai
|i +KA. (A5)
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For the Laplacian,
Ai;µ
µ = A¨i +Ai|jj +KA˙i −KKijAj −KijKjkAk +Kij |jA+KijA|j − K˙ijAj , (A6)
An;µ
µ = A¨+A|ii +KA˙−KijAi|j . (A7)
2. Symmetric tensors
For a symmetruc tensor γµν , let γij = ei
µej
νγµν , γi = ei
µnνγµν and γ = n
µnνγµν . The components of the covariant
derivatives are
γij;k = γij|k + 2Kk(iγj), (A8)
γin;j = γi|j +Kijγ −Kikγkj , (A9)
γnn;k = γi − 2Kijγj , (A10)
γij;n = γ˙ij , (A11)
γin;n = γ˙i, (A12)
γnn;n = γ˙. (A13)
The decomposition of the gauge-fixing function fµ = γµρ
;ρ into fi = ei
µfµ and f = n
νfµ is,
fi = γ˙i +Ki
jγj +Kγi + γij
|j − 1
2
γjj|i − 1
2
γ|i, (A14)
f =
1
2
γ˙ − 1
2
γ˙i
i + γi
|i +Kγ −Kijγij , (A15)
The BRST transformations become
sγij = 2(c(i|j) +Kijc), (A16)
sγi = c˙i −Kijcj + c|i, (A17)
sγ = 2c˙. (A18)
When transforming a normal derivative, we use
(ci|j) ˙ = c˙i|j + (Kij |k −Kk(i|j))ck. (A19)
For example,
sγ˙ij = 2c˙(i|j) − 2K(ikcj)|k + 2(Kij |k −Kk(i|j))ck + 2K˙ijc+ 2Kij c˙. (A20)
The tangential decomposition relates to the standard canonical decomposition of gravity in the following way. We
write the metric in terms of an intrinsic metric hij , lapse N and shift N
i,
ds2 = N2dt2 + hij(dx
i +N idt)(dxj +N jdt). (A21)
In the fixed basis ei = ∂i and n
µ = N−1(∂t −N i∂i), the metric fluctuations are
γij = (2κ)
−1δhij , (A22)
γi = (2κ)
−1N−1hijδN j , (A23)
γ = (2κ)−12N−1δN. (A24)
The canonical momentum is given by
pij =
∂L
∂h˙ij
=
1
2κ
∂L
∂γ˙ij
(A25)
where L is the Lagrangian density with only first-order time derivatives obtained from the Einstein-Hilbert action.
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